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Astract
Applying the Fermi-Bose equivalence and the boundary state formulation, we study the
hetero-junction of two quantum wires. Two quantum wires are described by Tomonaga-
Luttinger (TL) liquids with different TL parameters and electrons transport between two
wires is depicted by a simple hopping interaction. We calculate the radiative corrections
to the hopping interaction and obtain the renormalization (RG) exponent, making use of
the perturbation theory based on the boundary state formulation. The model exhibits a
phase transition at zero temperature. We discuss the critical line which defines the phase
boundary on the two dimensional parameter space. The model also exhibits the particle-
kink duality, which maps the strong coupling regime of the model onto the weak coupling
regime of the dual model. The strong coupling regime of the model is found to match
exactly the weak coupling regime of the dual model. This model is also important to study
the critical behaviors of the two dimensional dissipative system with anisotropic friction
coefficients.
PACS numbers : 73.21.Hb, 11.25.-w, 05.40.Jc
Keywords: Quantum wires, Boundary state, Fermi-Bose equivalence, Renormalization
group Flow, Particle-Kink duality
1 Introduction
The junctions of quantum wires [1, 2, 3, 4, 5, 6, 7, 8, 9] are the basic building blocks of
quantum circuits [10, 11, 15, 12, 13, 14], which may bring the quantum computation [16]
into reality. When we join two quantum wires, which described by the Tomonaga-Luttinger
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[17, 18] (TL) liquids, together to make a circuit, the TL parameters of two wires, α1 and
α2, may be different in general. In the present work we study the hetero-junction of two
quantum wires in detail, making use of the boundary state formulation [19, 20, 21, 22]. The
hetero junction of two quantum wires has been discussed in ref. [3] and later it has been
extended to the hetero-junction of three wires in ref. [8]. However, the critical behaviors
of the model has not been fully explored. Here we will directly calculate the radiative
corrections to the hopping interaction and discuss the particle-kink duality (the Schmid
duality) [23, 24, 25] in the context of the junction of two quantum wires, which maps the
strong coupling regime of the particle theory onto the weak coupling regime of its dual
theory. Depending on the effective TL parameter, which is given by αeff =
2
α−11 +α
−1
2
, the
model exhibits a phase transition at zero temperature. This result is in perfect agreement
with the previous works [3, 6].
The model of the hetero-junction is similar to the spin-dependent TL model with a
single barrier discussed in refs.[26, 27]. The spin-dependent TL model is described by
two TL liquids; one for the charge degree of freedom and the other for the spin degree of
freedom. Since due to the spin-charge separation in one dimension, the TL parameters of
two TL liquids for the spin and charge degrees of freedom may differ from each other. The
hopping interaction between two wires may play the role of the single barrier. Thus, we
expect that the two models may share common critical behaviors. On the other hand, the
model of hetero-junction is still different from the spin-dependent TL model in that the
electrons transfer through only one channel while the spin-dependent TL model has two
channels of transport.
This model is also important to study the critical behaviors of the two dimensional
dissipative system of the Caledeira-Legget type [28] with anisotropic friction coefficients.
Integrating out the bulk boson fields may result in the non-local dissipative action of the
Caldeira-Legget type on the boundary. The two different TL parameters transcribe into
two different friction coefficients of the anisotropic dissipative system.
In order to calculate the radiative corrections and the RG exponent, we adopt the
boundary state formulation [19, 20, 21, 22, 27], which easily incorporates with the rela-
tivistic quantum field theory in (1+1) dimensions [29]. We bosonize the model by using
the Fermi-Bose equivalence and refermionize the model as a Thirring model with a bound-
ary interaction to define a perturbation theory. Making use of the vector and axial U(1)
local phase transformations, we encode all the non-trivial interactions on the boundary.
As a result the U(1) axial phase boson fields become dynamical and the bulk action con-
tain their free field action. The radiative corrections can be evaluated by usual Feynman
diagram expansion. The free bulk action defines the free propagators of the fermion fields
and boson fields on the boundary. In a recent work [27] we have shown that the boundary
state formulation yields the correct RG exponent of the spin-dependent TL model.
In the strong coupling regime, the particles are mostly localized at the minima of
the boundary periodic potential, which represents the hopping interaction between two
wires. The boundary state becomes the Dirichlet state. corresponding to total reflection.
Electrons no longer transfer between two wires in the localized phase of the strong coupling
regime. However, it is well known that this type of model with a boundary periodic
2
potential has dual degrees of freedom in the strong coupling regime. The kinks, which
are classical solutions interpolating between local minima of the periodic potential become
dynamical. Their collective motions may be described by a dual field, of which action
takes exactly the same form as that of the particle field but with weak coupling constants.
This is called the particle-kink duality or Schmid duality. In order to have a stable kink
solution, we may need a kinetic term for the boson field on the boundary. The kinetic
term of the boson theory, which represented by four fermi interaction terms in the fermion
theory, is absent at the tree level action. But the perturbation theory implies that such
term may arise as a finite one-loop correction to the four fermi interaction. We discuss
the particle-kink duality in the context of the hetero-junction of two quantum wires. Since
the model has only one channel of charge transport, there is only one kind of kink. As
a consequence of it, the dual model contains one component dual field only. In the dual
theory the hetero-junction is described by a single TL liquid with an effective TL parameter
αdual = 1/αeff =
α−11 +α
−1
2
2
.
2 Model of Hetero-Junction of Two Quantum Wires
The hetero-junction of two quantum wires may be described by the following Euclidean
action at finite temperature
S =
1
2pi
∫ ∞
0
dx
∫ βT /2
−βT /2
dt
2∑
a=1
{
ψ¯a
(
γ¯0∂t + vγ¯
1∂x
)
ψa + g¯a2
(
ψa†L ψ
a
Lψ
a†
R ψ
a
R
)
+
g¯a4
2
[(
ψa†L ψ
a
L
)2
+
(
ψa†R ψ
a
R
)2]}
+
V¯0
4pi
∫ βT /2
−βT /2
dt
(
ψ1†L ψ
2
L + ψ
2†
L ψ
1
L − ψ1†R ψ2R − ψ2†R ψ1R
) ∣∣∣
x=0
, (1)
where βT = 1/T and
γ¯0 = σ2 =
(
0 −i
i 0
)
, γ¯1 = σ1 =
(
0 1
1 0
)
. (2)
The action contains two four-fermi interaction terms, corresponding to the forward scat-
tering. Two quantum wires are depicted by two different TL liquids. Thus, the coupling
constants of one wire (g¯12, g¯
1
4) may differ from the coupling constants of the other wire,
(g¯22, g¯
2
4) . The last boundary term is the hopping interaction, through which the charges
transfer from one wire to the other.
In order to apply the Fermi-Bose equivalence, we redefine the model on a cylindrical
space-time of which boundary is a unit circle [30]. The world sheet coordinates, τ and σ
are given by
τ =
2pi
vβT
x, σ =
2pi
βT
t. (3)
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At the same time we also scale the fermion fields as ψa → ψa/√v, ψa† → ψa†/√v. Making
use of the Fermi-Bose equivalence [31, 32]
ψ1L = e
−pi
2
i(p1L+p1R)e−
√
2iϕ1L , (4a)
ψ2L = e
−pi
2
i(p2L+2p1L+p2R+2p1R)e−
√
2iϕ2L , (4b)
ψ1R = e
−pi
2
i(p1L+p1R)e
√
2iϕ1R ., (4c)
ψ2R = e
−pi
2
i(p2L+2p1L+p2R+2p1R)e
√
2iϕ2R , (4d)
and the Neumann condition in the fermion theory
ψaL|N〉 = iψa†R |N〉, ψa†L |N〉 = iψaR|N〉, a = 1, 2, (5)
or the Neumann condition in the boson theory
ϕaL|N〉 = ϕaR|N〉, a = 1, 2, (6)
we may rewrite the hopping interaction between the quantum wires in terms of the boson
fields ϕ1 and ϕ2 as
V0
2pi
(
e
iϕ
1−ϕ2√
2 + e
−iϕ1−ϕ2√
2
)
. (7)
The bulk action can be also bosonized by making use of the Fermi-Bose equivalence
Eqs.(4a,4b,4c,4d) or
: ψaLψ
a
L : =
i√
2
(∂τ − i∂σ)ϕaL =
i√
2
(∂τ − i∂σ)ϕa, (8a)
: ψaRψ
a
R : = −
i√
2
(∂τ + i∂σ)ϕ
a
R = −
i√
2
(∂τ + i∂σ)ϕ
a. (8b)
The bulk action takes the following form in terms of the boson fields
Sbulk =
α1
4pi
∫
dτdσ∂ϕ1∂ϕ1 +
α2
4pi
∫
dτdσ∂ϕ2∂ϕ2, (9)
The TL parameters α1 and α2 are related to the coupling constants of the four fermi
interactions as [30]
α1 =
1
2
√
(1 + g12)
2 − (g14)2, α2 =
1
2
√
(1 + g22)
2 − (g24)2 (10)
where
ga2 =
β2T
4pi2v
g¯a2 , g
a
4 =
β2T
4pi2v
g¯a4 , a = 1, 2. (11)
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Collecting the boundary action Eq.(7) and the bulk action Eq.(9), we have the boson action
of the hetero-junction as follows
S =
α1
4pi
∫
dτdσ∂ϕ1∂ϕ1 +
α2
4pi
∫
dτdσ∂ϕ2∂ϕ2
+
V0
2pi
∫
dσ
(
e
i√
2
(ϕ1−ϕ2)
+ e
− i√
2
(ϕ1−ϕ2)
) ∣∣∣
τ=0
. (12)
It may be convenient to take an SO(2) rotation, before proceeding with the perturbation
theory (
ϕ1
ϕ2
)
=
1√
2
(
1 1
−1 1
)(
φ1
φ2
)
. (13)
In terms of the boson fields (φ1, φ2) the action of the model is written as
S =
1
4pi
∫
dτdσ∂φa∂φa +
1
4pi
∫
dτdσ∂φagab∂φ
b +
V0
2pi
∫
dσ
(
eiφ
1
+ e−iφ
1
)
(14)
where
gab =
(
α1+α2
2
− 1 α1−α2
2
α1−α2
2
α1+α2
2
− 1
)
. (15)
When α1 = α2 = 1, the model reduces to the Scmid model at the critical point, which is
exactly solvable
S =
1
4pi
∫
dτdσ∂φa∂φa +
V0
2pi
∫
dσ
(
eiφ
1
+ e−iφ
1
)
. (16)
We will treat the second and third terms of the boson action Eq.(14) as interaction terms
and develop a perturbation theory.
In order to understand that the model is critical and exactly solvable at α1 = α2 = 1,
we need to introduce auxiliary boson fields φ¯a, a = 1, 2. Defining four boson fields Φai,
a = 1, 2, i = 1, 2 as follows
Φa1 =
1√
2
(
φ¯a + φa
)
, Φa2 =
1√
2
(
φ¯a − φa
)
, a = 1, 2, (17)
we may rewrite the boson action Eq.(14) as
S =
1
4pi
∫
dτdσ
2∑
a,i=1
∂Φai (δab + gab) ∂Φ
b
i +
V0
4pi
∫
dσ
2∑
i=1
(
ei
√
2Φ1i + e−i
√
2Φ1i
)
. (18)
We choose the Dirichlet boundary condition for φ¯a, a = 1, 2, so that the boundary terms
of Eq.(18) reduce to the boundary hopping interaction terms of Eq.(14). We note that the
boson fields φ¯a, a = 1, 2, do not couple to the physical boson fields φa, a = 1, 2 and they
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can be safely integrated out [33]. Thus, they are auxiliary. However, they play a crucial
role in developing a perturbation theory of the model as we shall see.
Introducing the auxiliary boson fields φ¯a, a = 1, 2, enables us to refermionize the model.
Using the Fermi-Bose equivalence, we may write new fermion fields ψai, a = 1, 2, i = 1, 2
in terms of the boson fields Φai, a = 1, 2, i = 1, 2 as
ψa1L = η
a
1L : e
−i√2Φa1L :, ψa2L = ηa2L : e−i
√
2Φa2L : (19)
ψa1R = η
a
1R : e
i
√
2Φa1R :, ψa2R = η
a
2R : e
i
√
2Φa2R :, a = 1, 2,
where and ηaiL, η
a
iR are Klein factors which ensure the anti-commutation relationship
between the fermion fields. For an explicit construction of the Klein-factors, we may refer
to ref.[32]. Making use of the Fermi-Bose equivalence Eqs.(8a, 8b) again, we may rewrite
the boson action Eq.(18) as
S =
1
2pi
∫
dτdσ
(∑
a,i
ψ¯aiγ
µ∂µψ
a
i +
∑
a,b,i
gab
4
jµaijµbi
)
+
V0
4pi
∫
dσ
2∑
i=1
ψ¯1iψ
1
i
∣∣∣
τ=0
(20)
where jµai = ψ¯aiγ
µψai and
γ0 = γ¯1 = σ1, γ1 = γ¯0 = σ2, γ5 = −iγ0γ1 = σ3. (21)
This is a Thirring model with four flavors and boundary mass terms. At the critical point
where α1 = α2 = 1, the model reduces to a free fermion theory with boundary fermion
bilinears
S =
1
2pi
∫
dτdσ
2∑
a,i=1
ψ¯aiγ
µ∂µψ
a
i +
V0
4pi
∫
dσ
2∑
i=1
ψ¯1iψ
1
i
∣∣∣
τ=0
. (22)
Thus, it becomes manifest that the model is critical and exactly solvable at the point,
α1 = α2 = 1 when it is rewritten as a fermion theory with the help of the auxiliary boson
fields φ¯a, a = 1, 2 and the Fermi-Bose equivalence.
3 Perturbation Analysis of The Model
The Thirring action Eq.(20) may be rewritten as follows, if four Abelian U(1) vector fields
Aiµa, i, a = 1, 2 are introduced
S =
1
2pi
∫
dτdσ
∑
a,b,i
[
ψ¯aiγ
µ (∂µ + iAiµa)ψ
a
i + Aiµa(g
−1)abAµib
]
+
V0
4pi
∫
dσ
2∑
i=1
ψ¯1iψ
1
i
∣∣∣
τ=0
. (23)
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Decomposing the Abelian vector fields
Aµia = 
µν∂νθia + ∂
µχia, i = 1, 2, a = 1, 2, (24)
we can remove the interaction between the vector fields and the fermion fields in the bulk
action by a (UV (1))
2 × (UA(1))2 local phase transformation,
ψai = e
−iγ5θai−iχaiψai 0, ψ¯ai = ψ¯ai 0e−iγ5θ
a
i+iχ
a
i . (25)
By this local phase transformation, we are able to transcribe the bulk interaction into the
boundary interaction. The local phase transformation and a finite scaling, bring us to the
action which contains free field actions of the fermion and boson fields only as the bulk
action
S =
1
2pi
∫
M
dτdσ
2∑
a,i=1
[
ψ¯aiγ · ∂ψai + 1
2
∂θai∂θ
a
i
]
+
V0
4pi
∫
dσ
2∑
i=1
ψ¯1ie
−√2iγ5(κ1θ1i+κ2θ2i)ψ1i, (26)
where
κ1 =
√
α1 − 1
2α1
, κ2 =
√
α2 − 1
2α2
. (27)
Since the boson action of the model of the hetero-junction is identical to the spin-dependent
TL model with a single barrier except that the model of the hetero-junction has only one
channel, the perturbation analyses of two models are similar to each other. For this reason,
we may refer to ref.[27] for details of the procedure.
Near the critical line, the boundary action may be expanded in κ1 and κ2
Sboundary =
V0
4pi
∫
dσ
2∑
i=1
[
ψ¯1iψ
1
i −
√
2iψ¯1iγ5(κ1θ
1
i + κ2θ
2
i)ψ
1
i
− ψ¯1i
(
κ1θ
1
i + κ2θ
2
i
)2
ψ1i + · · ·
]∣∣∣
τ=0
. (28)
The radiative corrections to the boundary hopping interaction can be calculated in the
framework of the usual perturbation theory of a renormalizable field theory [29]. Examining
the fully interacting propagator of the fermion fields ψ1i, i = 1, 2 on the boundary, we
can calculate the corrections to the boundary hopping interaction. The fully interacting
propagator of fermion field ψ1i on the boundary is defined as the bulk Green’s function
evaluated on the boundary
G(i|αβ)(σ1 − σ2) = lim
τ1,τ2→0
〈0|Tψ1iα(τ1, σ1)ψ¯1iβ(τ2, σ2)|0〉
=
∫
D[ψ¯, ψ]ψ1iα(0, σ1)ψ¯
1
iβ(0, σ2) exp (−Sbulk − Sboundary) . (29)
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Since the bulk and boundary actions are diagonal in the flavor indices i, we may omit the
flavor indices i hereafter. We treat the boundary hopping term as a part of interaction,
even though it is a fermion bilinear. The first term in the expansion of the boundary
action Sboundary, Eq.(28) contributes to the corrections of the fermion propagator at tree
level, G
(0)
(αβ)
G
(0)
(αβ)(σ1 − σ2) =
∑
n
G
(0)
αβ [n]e
in(σ1−σ2), (30a)
Gαβ[n] =
V 20
16pi2
Gαβ[n], n ∈ Z+ 1/2 (30b)
where Gαβ[n] is the Fourier component (momentum number space representation) of the
free fermion propagator on the boundary.
The free fermion Green’s function on the boundary has two different Fourier decompo-
sitions, depending on the direction, along which the limit Eq.(29) is taken. Throughout
the paper we choose the retarded Green’s function, which is given as
G(σ1 − σ2) =
∑
n∈Z+1/2
1
2pi
γ0
(
θ(n) 0
0 θ(−n)
)
ein(σ1−σ2), (31)
where θ(n) is the unit step function (Heaviside step function),
θ(n) =
{
1 for n ≥ 0
0 for n < 0 .
(32)
Note that the fermion parpagator Eq.(31) has only half integer modes in its Fourier expan-
sion, since the fermion fields satisfy the anti-periodic condition on a cyclidrical space.
Iterating the second term in the expansion of the boundary action Sboundary, Eq.(28)
leads to the first-order one-loop correction to the Green’s function. It corresponds to the
Feynman diagram of Fig.1. The result of the calculation is given as
G
(1)
αβ [n] =
V 20
16pi2
1
4
(
2− 1
α1
− 1
α2
)1 +
∞∑
m=1/2
1
m
+ finite terms
Gαβ[n], (33)
where G
(1)
αβ [n] is the Fourier transformation of G
(1)
αβ
G
(1)
αβ [n] =
∫
dσ
2pi
G
(1)
αβ(σ)e
−inσ, n ∈ Z+ 1/2. (34)
The one-loop correction contain both infrared and ultraviolet divergences, which should be
regularized. Since the one-loop correction is proportional to the tree level correction, we
may absorb these divergences into the renormalization of the coupling constant.
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Figure 1: The first order correction to the fermion Green’s function
Up to the first order the radiative corrections to the Green’s function is evaluated in
the momentum number space as
G
(0)
αβ [n] +G
(1)
αβ [n] =
V 20
16pi2
{
1 +
1
4
(
2− 1
α1
− 1
α2
)(
1

+ ζ(1)
)
+ · · ·
}
Gαβ[n], (35)
where ζ(1) is the Riemann zeta function. Renormalizing the coupling constant V , we may
absorb the divergences
V 2 = V 20
{
1 +
(
1− 1
2α1
− 1
2α2
)
ln
Λ2
µ2
}
= V 20
(
Λ2
µ2
)1− 1
2α1
− 1
2α2
. (36)
Where 1− 1
2α1
− 1
2α2
> 0 (the region I in Fig.2) the hopping interaction becomes a relevant
operator and it tends to be strong in the zero temperature limit. In the region (the region
II in Fig.2) where 1− 1
2α1
− 1
2α2
< 0 the hopping interaction is an irrelevant operator and
it becomes weak in the zero temperature limit. We confirm that the point (α1, α2) = (1, 1)
is on the critical line. If the two wires have the same TL parameter α1 = α2 = αeff (homo-
junction), we would obtain the RG exponent as 1− 1
αeff
. Thus, the critical behavior of the
hetero-junction with two different TL parameters α1 and α2 may be equivalent to that of
the homo-junction with a TL parameter αeff given as
αeff =
2
1
α1
+ 1
α2
. (37)
This result is consistent with the previous works [3, 8].
In the zero temperature limit, the boundary state in the weak coupling regime flows to
the state |N,N ;D,D〉
(φaL − φaR) |N,N ;D,D〉 = 0,
(
φ¯aL + φ¯
a
R
) |N,N ;D,D〉 = 0, a = 1, 2 (38a)
9
and in the strong coupling regime the boundary state flows to the state |D,D;D,D〉
(φaL + φ
a
R) |D,D;D,D〉 = 0,
(
φ¯aL + φ¯
a
R
) |D,D;D,D〉 = 0, a = 1, 2. (38b)
On the critical line the boundary state depends only on the coupling constant of the hopping
interation V ,
|Bcritical〉 = exp
{
V
4pi
∫
dσ
2∑
i=1
ψ¯1iψ
1
i
}
|N,N ;D,D〉. (39)
α1
α2
I
II
Localized
Delocalized
Figure 2: The critical line and the phase diagram of the hetero-junction.
4 Particle-Kink Duality
In the strong coupling regime, the boundary state becomes the Dirichlet state, the particles
are mostly localized at the minima of the boundary periodic potential, which represents the
hopping interaction between two wires. Electron may no longer transfer between two wires
in the localized phase of the strong coupling regime. In the strong coupling regime of the
periodic potential, the extended object called kink, which is a classical solution interpolating
between local minima of the periodic potential, may become dynamical. Their collective
motion may be described by the dual action, which takes exactly the same form as that of
the particle fields but with weak coupling constants. It may requires a boundary kinetic
term of the boson field for the kink to be a dynamical object. Such a kinetic term is absent
at the tree level bare action. It is usually ignored in the perturbation theory, since the
boundary kinetic term is an irrelevant operator.
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However, the boundary kinetic term may be generated by the radiative corrections,
which may not be ignored in the low energy regime. Since the boundary kinetic term of
the boson theory is written as a four fermi term
M
2
(
dφ
dσ
)2
:=
M
23
(
ψ¯11γ
0ψ11 − ψ¯12γ0ψ12
)2
. (40)
The one-loop radiative correction to the four-fermi Green’s function on the boundary, which
is depicted by Feynman diagram Fig.3, may yield a finite boundary kinetic term
G(ijkl|αβγδ)(σ1, σ2, σ3, σ4) =
〈
ψ1iα(0, σ1)ψ¯
1
jβ(0, σ2)ψ
1
kγ(0, σ3)ψ¯
1
lδ(0, σ4)
〉
. (41)
θ
a
θ
a
Figure 3: One-loop correction to the four-fermi interaction
Taking into account the radiative corrections, we may write the boundary action for
the boson field as
Sboundary =
∫
dσ
{
M
2
(
dφ1
dσ
)2
+
V
2
(
eiφ
1
+ e−iφ
1
)}
. (42)
The classical equation of motion is read as
M
d2φ1
dσ2
− V sinφ1 = 0, (43)
and it is satisfied by the well-known kink solution
φ1(σ) = φK(σ) = 2 arccos
[
− tanh
(√
|V |
M
σ
)]
. (44)
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This solution interpolates between two minima of the periodic potential at φ1 = 0, 2pi.
Assuming that kinks are located far apart, we may write the multi-kink solution as
φ1(σ) =
n∑
i=1
ei φK(σ − σi), ei = 1, or − 1. (45)
The solution with e = 1 corresponds to a kink and that with e = −1 to an anti-kink.
The partition function in the kink sector may be written as
Z =
∫
D[φ1, φ2]e−S[φ
1,φ2]
=
∑
n
∑
{ei}
1
n!
∫ n∏
i=1
dσi Z[n; {ei};σ1, . . . , σn], (46)
where the partition function of the n-kinks sector is given by
Z[n; {ei};σ1, . . . , σn] =
∫
D[φ1, φ2] e−Sbulk[φ
1,φ2]−Sboundary[φ1], (47a)
φ1(τ = 0, σ) =
n∑
i=1
eiφK(σ − σi). (47b)
Introducing a Lagrangian multiplier λ to impose the boundary condition Eq.(47b), we may
rewrite the partition function of the n-kinks sector, abbreviated by Z[n], as follows
Z[n] = yn0
∫
D[φ1, φ2]
∫
D[λ] exp[−Sbulk − iSC ],
SC =
∫
dσλ(σ)
(
φ1(0, σ)− φK(σ)
)
. (48)
The boundary action evaluated with the n-kinks solution Eq.(47b) yields the instanton
fugacity
Sboundary[φ
1] = −8n
√
M |V |, y0 = exp
[
−8
√
M |V |
]
. (49)
In order to evaluate the partition function Z[n] explicitly, we may rewrite it in terms
of the Fourier modes of the boson fields
φa(τ, σ) =
1
2pi
∑
n
∫
dq
2pi
φan[q] e
iqτ+inσ, (50a)
φK(σ) =
1
2pi
∑
n
φKn e
−inσ, (50b)
λ(σ) =
1
2pi
∑
n
λne
inσ. (50c)
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In terms of the Fourier modes, the bulk action and the constraint are read as
Sbulk =
1
8pi2
∑
n
∫
dq
2pi
2∑
a,b=1
φan[q]
(
q2 + n2
)
(δab + gab)φ
b
−n[−q], (51a)
SC =
1
2pi
∑
n
λn
{∫
dq
2pi
φ1n[q]− φKn
}
. (51b)
Integrating out φan[q] and λn, we have
Z[n] = yn0
∫
D[λ] exp
{
−1
2
∑
n
∫
dq
2pi
1
2
(
1
α1
+
1
α2
)
λn
1
q2 + n2
λ−n
+
i
2pi
∑
n
λnφKn
}
= yn0 exp
{
− 1
(2pi)2
∑
n
|n|
(
2α1α2
α1 + α2
)
φK nφK−n
}
(52)
In the strong coupling regime, V/M  1, we can approximate φKn as
φKn = 2pii
n∑
i=1
ei
1
n
einσi . (53)
Then it follows that
Z =
∑
n
∑
{ei}
yn0
n!
∫ n∏
i=1
dσi
exp
{
−1
2
∑
n
1
|n|
(
n∑
i=1
eie
inσi
)(
2α1α2
α1 + α2
)( n∑
i=1
eie
−inσi
)}
. (54)
If we introduce a dual field, φ̂
φ̂(σ) =
∑
n
1
2pi
φ̂ne
inσ, (55)
we may cast the partition function into the partition function of TL liquid
Z =
∑
n
∑
{ei}
yn0
n!
∫
D[φ̂]
∫ n∏
i=1
dσi
exp
{
− 1
4pi
∑
n
|n|
2pi
φ̂n
1
2
(
1
α1
+
1
α2
)
φ̂−n + i
n∑
i=1
eiφ̂(σi)
}
=
∫
D[φ̂] exp
{
− α̂
4pi
∫
dτdσ∂φ̂∂φ̂− V̂
2pi
∫
dσ
(
eiφ̂ + e−iφ̂
) ∣∣∣
τ=0
}
, (56)
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where
α̂ =
1
2
(
1
α1
+
1
α2
)
. (57)
We may conclude that in the strong coupling regime, if stable kinks exist, their collective
motion may be described by a single TL liquid with a TL parameter given as φ̂
SDual| =
α̂
4pi
∫
dτdσ∂φ̂ ∂φ̂+
V̂
2pi
∫
dσ
(
eiφ̂ + e−iφ̂
) ∣∣∣
τ=0
. (58)
It is interesting to note that the TL parameter of the dual field is just the inverse of the
αeff : α̂ = 1/αeff .
If we apply the perturbative analysis [27], similar to what we performed in the previous
section, we would find the RG flow of the boundary interaction of the dual theory as
V̂ 2 = V̂ 20
(
Λ2
µ2
) α̂−1
2α̂
= V̂ 20
(
Λ2
µ2
)α1+α2−2α1α2
2(α1+α2)
. (59)
In the dual theory the hopping boundary interaction becomes an irrelevant operator in the
region (region I in Fig.4) where
α̂ < 1, equivalently
1
α1
+
1
α2
< 2, (60)
and a relevant operator in the region (region II in Fig.4) where
α̂ > 1, equivalently
1
α1
+
1
α2
> 2. (61)
This is exactly opposite to the RG flow of the hopping interaction of the particle theory,
depicted by the phase diagram of Fig.2 . Thus, the localized phase (strong coupling regime)
of the particle theory is mapped completely onto the delocalized phase (weak coupling
regime) of the dual theory and vice versa. It is summarized by the phase diagram of the
dual theory, Fig.4.
5 Conclusions
We studied the hetero-junction of two quantum wires, applying the boundary state formu-
lation. It is the simplest building block of the quantum circuits, which deserves a detailed
study. If the two quantum wires have different TL parameters, α1 and α2, the model be-
comes similar to the spin-dependent TL model with a single barrier. Still there are also
some differences between two models. The model of hetero-junction has only one channel
of electron transport while the spin-dependent TL model has two channels. We performed
a perturbative analysis to examine its critical behaviors. In the literatures the RG ex-
ponents of the similar models have been calculated by the Poor Man’s Scaling method
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α1
α2
I
II
Delocalized
Localized
Figure 4: The critical line and the phase diagram of the dual theory.
or its variants. But it is desirable to evaluate them by a more direct method. Applying
the bosonization and refermionization to the model, we redefined the model as a Thirring
model with a boundary fermion bilinear. Then we fransform away the interaction in the
bulk action by axial and vector U(1) local phase transformations. Since the boundary
fermion bilinear breaks the U(1) axial symmetry explicitly, the corresponding boson de-
grees of freedom become dynamical. However, the interaction between the fermion fields
and the local U(1) phase boson fields take place only at the boundary and the bulk action
contains only free field actions. It enables us to develop a perturbative expansion. The
bulk free action defines the free propagators of the fermion and boson fields on the bound-
ary and the radiative corrections to the boundary interaction can be calculated by usual
Feynman diagram expansions. By evaluating a one-loop Feynman diagram, we obtained
the RG exponent of the boundary hopping interaction: The critical line, which defines the
phase boundary at zero temperature is determined by an effective TL parameter of the
particle theory, αeff =
2
α−11 +α
−1
2
. This result confirms the previous one, obtained by different
analyses.
We also examined the particle-kink duality of the model of hetero-junction. As in
the case of the spin-dependent TL model with a single barrier, we expect that in the
strong coupling regime, a new degree of freedom called kink, described by the dual field,
may emerge. The boundary kinetic term of the boson field may be generated by radiative
corrections to the Green’s function of four fermion fields. Since the model of hetero-junction
has only one channel of transport, one kind of kink appears. As a result, the dual theory is
described by a single TL liquid with a periodic boundary interaction. The TL parameter of
the dual theory is found to be the inverse of the effective TL parameter, αdual = 1/αeff . It
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follows from this relation that the strong coupling regime of the particle theory is completely
mapped onto the weak coupling regime of the dual theory and vice versa: In the localized
phase of the particle sector, the dual object becomes dynamical while in the delocalized
phase of the particle sector the dual object is localized. At this point the model of hetero-
junction differs from the spin-dependent TL model. In the spin-dependent TL model, the
localized phase of the particle theory does not exactly match that of the delocalized phase
of the dual theory. The particle-kink duality, if exists, its consequence should be observed
directly in experiments with junctions of the quantum wires. Extensions of the present
work to more complex models will be discussed elsewhere.
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